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Abstract. In this paper we formulate a conjecture which partially generalizes 
the Gross-Kohnen-Zagier theorem to higher weight modular forms. For / £ 
S2k{N) satisfying certain conditions, we construct a map from the Heegner 
points of level A'^ to a complex torus, C/Lf, defined by /. We define higher 
weight analogues of Heegner divisors on C/Lf. We conjecture they all lie on a 
line, and their positions are given by the coefficients of a certain Jacobi form 
corresponding to /. In weight 2, our map is the modular parametrization 
map (restricted to Heegner points), and our conjectures are implied by Gross- 
Kohncn-Zagier. For any weight, we expect that our map is the Abel-Jacobi 
map on a certain modular variety, and so our conjectures are consistent with 
the conjectures of Beilinson-Bloch. We have verified our map is the Abel- 
Jacobi for weight 4. We provide numerical evidence to support our conjecture 
for a variety of examples. 



1. Introduction 

For integers N,k > 1, let S2k{N) denote the cusp forms of weight 2k on the 
congruence group ro(A^). Let Xo{N) be the usual modular curve and Jo{N) its 
Jacobian. By D we will always mean a negative fundamental discriminant which 
is a square modulo 4iV. For each D, one can construct a Heegner divisor yu in 
Jo{N) and defined over Q. Suppose / G 5*2 (^) is any normalized newform whose 
sign in the functional equation of L{f,s) is —1. Then the celebrated theorem of 
Gross, Kohnen, and Zagier [Gross et al. 87|, Theorem C] says that, as D varies, 
the /-eigencomponents of the Heegner divisors yo all 'lie on a lin^^' in the quotient 
Jo{N) f. Furthermore it says their positions on this line are given by the coefficients 
of a certain Jacobi form. In particular when TV is prime, the positions are the 
coefficients of a half-integer weight modular form in Shimura correspondence with 
/• 

Now suppose / G S2k{N) is a normalized newform of weight 2k and level N. 
In addition, assume the coefficients in its Fourier series are rational, and the sign 
in the functional equation of L{f,s) is —1. Let 3-(n /^oiN) C Xo{N) denote the 
Heegner points of level N. In this paper we construct a map, 

a:KN/ro{N)^C/Lf, 

where C/Lf is a complex torus defined by the periods of /. Let h{D) denote 
the class number of the imaginary quadratic field of discriminant D. For each 
D and fixed choice of its square root (mod2iV), we get precisely h{D) distinct 
representatives ri, . . . , r/i(£)) of /^oiN). Define (^d)/ = a{Ti) + ■ ■ ■ + a(Tfi(D)) 
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^We will say a subset X of an abelian group J lies on a line if X C Z ■ xq for some xq S J. 
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and define {ud)/ — (y_D)/ + (y_D)/ inC/Ly. When fc = 1, a is the usual modular 
parametrization map restricted to Heegner points, and (j/d)/ is equal to the /- 
eigencomponent of yo in Jq{N) as described in the first paragraph. For fc > 1 we 
formulate conjectures similar to Gross-Kohnen-Zagier. We predict the (jjd)/ ah he 
in a line in C/Lf, that is, there exists a point y/ G C/Lf such that 

(2/d)/ mnyf, 

up to torsion, with mjj G Z. Furthermore we predict the positions mo on the line 
are coefficients of a certain Jacobi form corresponding to /. In the case when N is 
prime and k is odd, the should be the coefficients of a weight + 1/2) modular 
form in Shimura correspondence with /. 

We expect our map is equivalent to the Abel Jacobi map on Kuga-Sato varieties 
in the following sense. Let Y — be the Kuga-Sato variety associated to weight 
2k forms on To{N). (See [Zhang 97[ p.ll7] for details.) This is a smooth projec- 
tive variety over Q of dimension 2k — 1. Set Z'^(F)hom to be the nuUhomologous 
codimension k algebraic cycles, and CH'^(y)hom the group of Z'^(y)hom modulo 
rational equivalence. Let be the usual fc-th Abel- Jacobi map, 

: CH^-(>')hom ^ JHY), 
where J'^{Y) is the fc-th intermediate Jacobian of y. Given any normalized newform 
/ = X]n>i'^n9" S S2k{N) with rational coefficients, there exists an /-isotypical 
component Jf{Y) of J''{Y), and thus an induced map, 

CH'=(y)hom^^ J'=(i^) 




j}(y) 

Our expectation is that the image of <i>j on classes of CM cycles in CH'^(y)hom is 
equal (up to a constant) to the image of our map a on Heegner points in Xq{N). If 
we assume this is the case, then our conjectures are consistent with the conjectures 
of Beilinson and Bloch. In this setting they predict 

rankz CH'=(y;.)ho,„ = ord,=fcL;.(ij2fc-i(y), s). 

If we assume OTds=kL{f, s) ~ 1, then a refinement of their conjecture predicts the 
image of $j on CM divisors in Yq should have rank at most 1 in Jj:{Y). 

We have verified the equivalence of a and in the case of weight 4. For this we 
used an explicit description of $ ^ on CM cycles given by Schoen in (Schoen 86j . In 
fact, in [Schoen 93] Schoen uses this map to investigate a consequence of Beilinson- 
Bloch similar to the one described above. For a specific Y ~ Y"^ and / he computes 
$j on certain CM divisors in Y defined over the quadratic number field Q(i). From 
this he finds numerical evidence that the images lie on a line and their positions 
are given by a certain weight 5/2 form corresponding to /. 

The sections of this paper are divided as follows. In Section [2] we describe 
our map and its lattice of periods. In Section [3] we give explicit statements of our 
conjectures. In Section|4]we describe the algorithm we created to numerically verify 
the conjectures in a variety of examples. Note our algorithm could be applied to 
compute coefficients of half-integer weight modular forms. In sections [5] and [6] we 
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compute some examples and use them to verify our conjectures in two different 
ways. 

2. Higher Weight Heegner Points 

Let f) denote the upper half-plane. Suppose / is a normalized newform in S'2fe(-/V) 
having a Fourier expansion of the form, 

oo 

/('^) = X! ^ = exp(27rir), t G (} 

n=l 

with a„ £ Q. 

Recall the L-function of / is defined by the Dirichlet series, 



and has an analytic continuation to all of C. Moreover the function A(/, s) = 
iV*/^(27r)~'^r(s)L(/, s) satisfies the functional equation, 

A(/,s) =£A(/,2fc-s), 

where e = ±1 is the sign of the functional equation of s). 

For each prime divisor p of iV, let q = p^, G N such that gcd(g, A^/g) — 1 and 

set <^q= ^y^^ for some a;o,yo e 1, with qxp - {N/q)yo = 1 . Define V^^iN) 

to be the group generated by ro(A^) and each ujq. Let 5 be a set of generators for 
rQ{N). Define the period integrals of / for the set S by, 

7('too) 



J'=|(2^z)'= I 



f{z)z"'dz : m G {0, . . . , 2fc - 2}, 7 e 5 ^ C 



These are sometimes referred to as Shimura integrals. It is straightforward to see 
that every integral of the form, 

7(200) 

(27ri)'= / /(z)z™dz, 7 e r*Q{N), < TO < 2fc - 2 



is in an integral linear combination of elements in (See [Shimura 73[ Section 
8.2], for example). In fact, the Z-module generated by T forms a lattice, 

Lemma 2.1. L :— Spanj^{'S') is a lattice in C. 



Proof. By theorems of Razar |Razar 77l Theorem 4] and Sokurov Sokurov 80I 
Lemma 5.6], the set V is contained in some lattice. Hence L is of rank < 2. To show 
its rank is 2, it suffices to show there exist nonzero complex numbers G L 

with u+ G R and u~ G iR. 

Suppose m is a prime not dividing A'^, and x ^ primitive Dirichlet character 
modulo TO. Define (/ (g) x) '■— J2n>i x("-)an9", and L{f (g) x, s) to be its Dirichlet 
series. Let A(/(g)x, s) = {2TT)-''{Nm^y/'^T{s)L{f(»x,s). Then for Re (s) > fc + 1/2, 
we have 

too 

(2.1) z%Nm'y^/'Aif ® X, 5) = J{f(^ X)iz)z^^. 
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Let g{x) denote the Gauss sum associated to x- Then an expression for x in 
terms of the additive characters is given by, 



X{n) = m ^g{x) ^ x{~u)e'^'' 



inu/m 



ii/r. 
u mod m 

So 



u mod m 



Substituting this into (|2.ip gives 

2C30 

, dz 

K{~u) I f{z + u/m)z- 

u mod m 

and replacing z by z — u/m and rearranging implies 



2CXD 

z^(iVm2)-^/2A(/®x,s) = m-ig(x) ^ x{~u) J f{z + u/m) 



z — 

z 



^-'g{x)-'N-^/^A{f^X,s) = {-lr-' Y ^(-") I nz){mz-ur-\ 

„. 1 ™ ^ 



u/rn 

'dz. 

u mod m 

Now let s = 2fc — 1 in the above equation, and muhiply both sides by {2^1)^ . In 
addition suppose X is a quadratic Dirichlet character modulo ni. If m = 3 mod 4, 
then g{x) = i^/Tn, and if to = 1 mod 4 then ^(x) = ^/rn. Hence since A(/(g)x, 2k— 1) 
is real- valued and nonzero, the right hand side of this equation is either purely real 
or purely imaginary depending on the choice of to. Then this proves the lemma 
since the right hand side is in L for any to. 

□ 

Let Z? < be a fundamental discriminant, and assume D is a square modulo 
AN . Fix a residue class r mod 2N satisfying D = mod 4iV. Then 

Q^(r) := {[A,B,C] : A > 0, S, C G Z, Z) = S2-4y4C, A = mod TV, B = r mod 2iV}. 

corresponds to a subset of the positive definite binary quadratic forms of discrimi- 
nant D. We define IK^(r) to be the roots in t) of Q^(r), 



'i^Nir) := r = — ^ : [A,B,C] £ Qi^(r),C 



2A • L-,",-j -iv^w,- 4^ 

ro(iV) preserves J{^(r), and the classes of '}{'^{r) /Tq{N) are in bijection with 
the classes of reduced binary quadratic forms of discriminant D. We will call 
'K^(r)/T[){N) the set of Heegner points of level N, discriminant D, and root r. 
Define 'Kn to be the union of 'K^{r) over all D^r, and so !KAr/ro(A^) are the 
Heegner points of level N . 

For each r = ~-^+/° e Ji:^(r), set Q^(z) := ^_ _,_ (7_ ^ow define a 
function a = a/ ; !Kjv — » C by 

a(T) (2«)^- / f{z)Qr{zf~^dz. 

J LOO 

Lemma 2.2. T/ie map a induces a well-defined map (which we will also denote by 
a), 

a : 5{N/Ta{N) C/L. 
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Proof. For any r G "Kn of discriminant D and 7 G ro(A^), we will show 

7(200) 

a(7T) ~ a(T) = (2^z)^- • / f{z)Q^^{zf-Hz. 



Since Q-yriz) has integer coefficients, this will imply a(7r) — Q!(t) G L for all 
7Gro(iV). 

Let7= (cd) ero(iV). Then 

7(100) 



200 

7T 



{27n)^- J f{z)Q^,{zY-'dz 

7(200) 



= {2^iY J f{^z)Q^r{lzr''d{jz) 

ioo 

= air), 

where in the last equality we used /(72) — [cz + d)^''f{z), Q-yriz) — {—cz + 
o)'^Qr{z), and (i(7z) — (cz + d)^'^dz. 

□ 

3. Conjectures 

Let {ti, . . . , Tii(^D)} £ 3<^(r) be any set of distinct class representatives of 'K'^{r) /Tq{N). 
Define 

h(D) 

Pd.t -^Y.^^^ Div(Xo(A^)), 

i=l 

where Div(Xo(A^)) denotes the group of divisors on Xo(-/V). If D = —3 (resp. 
D — —A), scale PD,r by 1/3 (resp. 1/2). Extend a to Pd by linearity and define 



{yD,r) f = a{PD^r) + a{PD,r) G C/L. 

Here, bar denotes complex conjugation in C. We write yD,r or for {yD,r)f, and 
Po for Po^r when the context of /, r is clear. 

By the actions of complex conjugation and Atkin-Lehner on JCat, we have 



aiPo.r) = -ea(FD,r), 

where e is the sign of the functional equation of L{f, s). Thus if e = +1, then yD,r 
are in L for all D,r. This is, in some sense, the trivial case. Hence we restrict our 
attention to the case when s = —1. 

Conjectures 13. II and 13.31 give a partial generalization of the Gross-Kohnen-Zagier 
theorem to higher weights. 

Conjecture 3.1. Let f — X]n>i'^"'?" ^ S2k{N) be a normalized newform with 
rational coefficients, and assume e = — 1 and L'(f, k) ^ 0. Then for all fundamental 
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discriminants D < and r mod 2N with D = mod 4iV, there exist integers mD,r 
such that 

tyD.T = mD,ryf in C/L, 
where yf £ C/L and t G Z are both nonzero and independent of D and r. 

Remark 3.2. Equivalently we could say yD,r = 'mD,ryf up to a t-torsion element in 
C/L. 

To state the second conjecture we will need to use Jacobi forms. (See [Eichler and Zagier 85| 
for background). Let J2k,N denote the set of all Jacobi forms of weight 2k and in- 
dex N . Then such a G J2k,N is a function : () x C — > C, which satisfies the 
transformation law 

^ ^ ^ = (cr + d)2'=e2"^^</)(T,z), 



, CT + d CT + d 

for all ( ° ^ ) G SL2 (Z) , and has a Fourier expansion of the form 
(3.1) 0(r,^)= Yl c(n,r)Q"r, g = e^"^ C = e^^^^ 

r^<4Nn 

The coefficient c{n, r) depends only on — ANn and on the class r mod 2N. 

Suppose / £ S2k{N) is a normalized newform with e = — 1. Then by Skoruppa and Zagier 88| 



there exists a non-zero Jacobi cusp form </>/ € Jk+i^N which is unique up to scalar 
multiple and has the same eigenvalues as / under the Hecke operators T„i for m, TV 
coprime. We predict that the coefficients of 0/ are related to the from above 
in the following way, 

Conjecture 3.3. Let f = J2n>i^n'i^ ^ S2k{N) be a normalized newform with 
rational coefficients, and assume s = —1 and L'{f, k) ^ 0. Assume Goniecture \S.l\ 
Then 

mD,r = c{n,r) 

where n = '^^)^ and c{n,r) is the {n,r)-th coefficient of the Jacobi form (j)f g 

Jk+l,N ■ 

Remark 3.4. When A; = 2, the points {yD,r)f and yf are the same as those defined 
in [Gross et al. 87j . and both of our conjectures are implied by Theorem C of their 
paper. (Actually their theorem is only for D coprime to 2N but they say the 
result remains 'doubtless true' with this hypothesis removed. See [Hayashi 95] and 
[Borcherds 99] for more details.) Particular to weight 2 is the fact that <C/L is 
defined over Q and so yo is a rational point on the elliptic curve Ef'^'C/L. In 
contrast, we should stress that for weight fc > 2, the elhptic curve E ~C/L is not 
expected to be defined over any number field. For instance, the j-invariants for our 
examples all appear to be transcendental over Q. 



Remark 3.5. For = 1 or a prime, and k odd we can state Coniecture l3.3l in terms 
of modular forms of half-integer weight. Specifically, let 4> S Jk+i{N) be a Jacobi 
form with a Fourier expansion as in p.ip . and set 



g(r) = <M)q'', q = e 
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where c{M) is defined by, 

if M EE -r^ mod AN for any r G Z; 



ciM) 



0, otherwise. 



This function is well-defined because c(n, r) depends only on — 4nN when N = 1 
or a prime, and k is odd. Then by [Eichler and Zagier 85, p. 69], g is in Mfe+i/2(4A'^), 
the space of modular forms of weight k + 1/2 and level 4iV. In addition, if / e 
S2k{N) is a normalized newform with e = — 1, then the form g defined by (j)f is in 
Shimura correspondence with /. 

4. Algorithm 

Let / — X)n>i'^"9" ^ S2k{N) be a normalized newform with rational Fourier 
coefficients. The sign e of the functional equation of L(/, s) can be computed with 
the identity, 

given by the action of the Frickc involution of level N on /. We will only consider 
/ such that e — —1 and L'{f, k) ^ 0. 

The first step is to find a basis of our lattice L, which is the Z-module generated 
by the periods CP as described above. Suppose pi,p2,P3 are three periods in IP. 
Since L has rank 2, these are linearly dependent over Z, that is 

aipi + a2P2 + asPa — 0, for some S Z. 

We may assume gcd(ai, 02, 03) — 1. Let d — gcd(ai,a2), then there exist integers 
x,y € Z such that xai + ya2 ~ d. Similarly gcd((i, 03) = 1 so there exist integers 
u, w G Z such that ud + va^ = 1. Define the matrix M by, 

(ai 02 03 

-y X 

—vai/d —va2/d u 

Observe AfG G'i3(Z) and M-'^(pi,p2,P3) = '^{Q,—VPi+xp2,—vaipi/d—va2P2/d+ 
ups). Hence —ypi +xp2 and —vaipi/ d — va2P2l d + up^ are a basis for the Z-module 
generated by pi,p2,P3- 

We would also like our basis elements to have small norm. Given a basis lui,lu2 
of a lattice, its norm form is a real bilinear quadratic form defined by the matrix, 

2|wi|2 2Re(wi(I)2) 
2Re{ujiLU2) 2|w2p 

Thus it is equivalent to a reduced form of the same discriminant, that is, there 
exists U e 5X2 (Z) such that 

^UBU^ 27 ) ' «'/?'7eM, 

with |/3| < a < 7 and (3 > if either \(3\ = a or a = 7. Hence {uj[,uj'2) ■= {uji,uj2)U 
is a 'reduced' basis. For a basis of all of L we simply apply this process iteratively 
on the elements of T. 

In fact it is not hard to see that L is a real lattice, that is, L = L. Thus given a 
basis 0Ji,uj2 of L, we may assume uji e iR, and therefore t := 1^2/^1 has real part 
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equal to either or 1/2. This imphes Re(i) — Re(w2) which will help simplify our 
computations. 

To actually compute the elements in J* we need to split the path from (ioo) to 
7(ic») of integration at some point r € [} which gives, 

7(ioo) 7(r) T 

!{z)z^dz^ [ f{z)z"'dz- f f{z){az + b)"'{cz + df^-'^~"'dz, 



for 7 = ( ° ^ ) S ro(A^). We choose r to be a point at which / has good convergence. 
To compute integrals of the form, 

r 

' f{z)z^dz, 



we use repeated integration by parts to get the formula 

(4.1) jf{z)z^dz = m! (-1)™ TT^^'^'/'-^M' 

where /j?(t) is defined to be the ^-fold integral of / evaluated at r e t), that is, 
Mt) = jTT^ Y] ^9", 9 = exp(27rir) 

which is well-defined for any < ^ < 2A; — 1. 

The next task is to compute air) for r e JCjv. We could do this using (|4.ip . but 
it is computationally faster to use the following identity for a. Recall the modular 
differential operator, 

„ \ d m . , 

Im dz Any 

for any integer m. Define d^{f) := d„r+2{e-i) o • • • o dm+2 o 9m(/) to be the 
composition of the £ operators dm,dm+2, ■ ■ ■ i dm+2(i-i)- Then a straightforward 
combinatorial argument yields the following identity, whose proof we will omit. 



Lemma 4.1. Let t be a Heegner point of level N and discriminant D. Then 

a(r) = KD ■ 9*12^^+2 ° hk-i{T), 
where kjj = [k — 1)! (27ri)'^(27r-y/|U[)'^^^ is a constant depending only on D and 2k. 



A closed formula for (see [Villegas and Zagier 93| for example) allows us to 
write a as 

(4.2) «M--M2..)(-^)'^|:p(^,^)a„,", 
where p{m,x), is the polynomial, 

p{m,x) = y (^"^'^ }\j^^^x', meZ, xeM. 

' ^ ^ \2m-i- ej (m-iy. 

We compute aij) using (|4.2p . Also notice that Lemma HT] perhaps provides further 
insight into why the map !Kjv C/L inducing a is invariant under ro(7V). Loosely 
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speaking, this is because integrating / {2k — l)-tinies lowers its weight by 2(2fc — 1) 
and 9^2fe+2 increases its weight by 2{k — 1) to get something morally of weight 0. 

Given a set of Heegner point representatives of level N, discriminant D, and 
root r, we can use the above to compute yD,r- Verifying the first conjecture for 
each D,r then amounts to choosing a complex number yj, and an integer t, both 
non-zero, and showing the linear dependence, 

(4.3) R.e(y£),r) — mo^r Rc(?//) + no^r Re{u;2)/t = 

for some integers Tnu,ni^D,r- The second conjecture consists of comparing the 
coefficients mD,r of y/ we get above with the Jacobi form coefficients of the form 

5. Examples 

The Fourier coefficients of the forms in these examples were computed using 



SAGE Stein and Joyner 05 . The rest of the calculations were done in PARI/GP 
|PAR 08 j. 

We will always take a set of generators for Fq [N] which includes the translation 
matrix T — {\\) but no other matrix whose (2,1) entry is 0. The period integrals 
for T are always since zoo is its fixed fixed point, hence we can exclude it from 
our computations of T. In addition the {2tt)^ factor in the definitions of yn and 
L is left off from the computations, since it is just a scaling factor and requires 
unnecessary extra precision. 

For each example below, we list the number of digits of precision and the number 
M of terms of / we used. Below that is a set of generators we chose for Tq{N) 
and the bases, uji,0J2, we got for L from computing J" and applying the lattice 
reduction algorithm explained in Section |4l We then provide a table listing the 
TOc which satisfy equation (|4.3[) for t, yf of our choosing, and D less than some 
bound. Without getting into details, the precision we chose depended on the size 
of the Af-th term of / and on the a priori knowledge of the size of the coefficients 
satisfying (|4.3p . 

Example 5.1. 2/c=10, A^ = 3. The space of cuspidal newforms of weight 10 and 
level 3 has dimension 2, but only one form has e = — 1. The first few terms of it 
are 

f ^q- 36g2 - Slg'"^ + 7Mq^ - UlAq^ + 2916g^ - 4480g^ - 9792gS + • • • 

Precision 60 
Number of terms 100 

F5(3) (T,(lii),c.3 = (°V)) 

wi -i ■ 0.00088850361439085 . . . 

u)2 0.00002189032158611 . . . 
Vf 

t 1 

The mu in Table [1] give, up to scalar multiple, the coefficients of the weight 11/2 
level 12 modular form found in [Eichler and Zagier 85[ p. 144]. Note we can use 
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1 7~\ 1 

1^1 


m-D 


1^1 


niD 


8 


2 


104 


380 


11 


-5 


107 


-507 


20 


8 


116 


-40 


23 


8 


119 


-560 


35 


42 


131 


235 


47 


-48 


143 


-376 


56 





152 


-364 


59 


-155 


155 


-64 


68 


160 


164 


-1440 


71 


40 


167 


1528 


83 


353 


179 


2635 


95 


280 


191 


-400 



Table 1. / G 5io(3). List of rriD such that yn — niDyf G L 
for \D\ < 200. 



the theorems of Waldspurger to get information about the values L{f,D, k) from 
this table. For example, L{f, —56, 5) = 0. 

Example 5.2. 2/c = 18, TV = 1. 

The weight 18 level 1 eigenform in 5*18(1) has the closed form 



1728 

where E2k{z) is the normalized weight 2k Eisenstein series. 

Precision 200 
Number of terms 100 

rs(i) = 5X2(z) (T, 5 = = 

wi i -0.001831876775870191761... 

UJ2 0.000000000519923858624 . . . 

t 1 

The niD in Table [2] are identical to the coefficients of the weight 19/2 level 



4 half- integer weight form in Eichler and Zagier 85 p. 141], which is in Shimura 
correspondence with /. 

Example 5.3. 2fc = 4, iV = 13 

The dimension of the new cuspidal subspace is 3 in this case, but only one has 
integer coefficients in its g-expansion. 

f ^q-5q^ -7q^ + I7q^ - 7q^ + 35q^ - 13(?^ - 45(j^ -f^ 22q^ + ■■■ 
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1 1 

1^1 


mo 


1^1 


rriD 


3 


1 


51 


108102 


4 


-2 


52 


-93704 


7 


-16 


55 


-22000 


8 


36 


56 


80784 


11 


99 


59 


-281943 


15 


-240 


67 


659651 


19 


-253 


68 


193392 


20 


-1800 


71 


-84816 


23 


2736 


79 


-109088 


24 


-1464 


83 


-22455 


31 


-6816 


84 


-484368 


35 


27270 


87 


1050768 


39 


-6864 


88 


143176 


40 


39880 


91 


195910 


43 


-66013 


95 


-370800 


47 


44064 







Table 2. / e 518(1)- List of D, mo such that yo — moyf G L 
for \D\ < 100. 



Precision 28 
Number of terms 250 

^0(13) (13 ~l) ' (-13 4) ' (13 -5) ' (-13 10) '^13 = (i°3 V) ) 

LOi i ■ 0.003124357726009878347400865279 . . . 

LJ2 -0.04271662498543992056668379773 . . . 

-i ■ 0.001562178863004939178984383052 . . . 

Vf y-3/3 

t 3 

Notice this is the first example of a nonsquare lattice. In fact UJ2 /oJi = —0.5000 • • •+ 
i ■ 13.67212999 ... so Re(ix'2/i^i) = 1/2 as explained earher. This is also the first 
example where the choice of r matters, since k — 2 is not odd. For each D, we 
chose r in the interval < ?' < 13. In addition this is our only example where t > I. 

A closed form expression for the weight 3 index 13 Jacobi form (/) — (j)f corre- 
sponding to / was provided to us by Nils Skoruppa, 

Here rj is the usual Dedekind eta- function, rj ~ q^^^^ Y[n>ii^ ~ with q — e^'^''^, 
2 

■ • da — X^rez {~r) 9^C^ for = li2,3, C = e^'^*^. (This has a nice product 
expansion using Jacobi's triple product identity.) 

We verify that the (n, r)-th coefficient c(n, r) in the Fourier expansion of is 
identically equal to the mD,r in Table [3] for \D\ < 200. 
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1^1 




1 1 

1^1 


rriD^r 


3 


1 


107 


4 


4 


-1 


116 


-8 


23 


2 


120 


-13 


35 


-7 


127 


14 


40 


3 


131 


-3 


43 


-17 


139 


29 


51 


9 


152 


2 


55 


-6 


155 


22 


56 


1 


159 


-6 


68 


-5 


168 


-21 


79 


4 


179 


-17 


87 


-6 


183 


-2 


88 


10 


191 


-10 


95 


4 


199 


4 


103 


-8 







Table 3. / G S'4(13). List of _D, m^i.j. such that tyu^r ~i™_D,r?// € 
L with < = 3, for \D\ < 200. 



6. More Examples 

The coefficients of Jacobi forms are difficult to compute, in particular for the 
cases when N is composite or when k is even. We chose the previous examples in 
part because the Fourier coefficients for their Jacobi forms already existed, thanks 
to the work of Zagier, Eichler, and Skoruppa mentioned above. However, given any 
weight and level, we can still provide convincing evidence for our conjecture without 
knowing the exact coefficients of its Jacobi form. This is done using a refinement 
of Waldspurger [Waldspurger 81| given in [Gross et al. 87|. p. 5 2 7]. 

Specifically, let / € S2k{N') be a normalized newform with e = —1. Let 
4> = 4>f & Jk+i^Ni with Fourier coefficients denoted by c(n,r), be the Jacobi form 
corresponding to / as described in Section [3l For a fundamental discriminant D 
with gcd(Z3, N) = 1 and square root r modulo 4iV, [Gross et al. 87| Corollary 1] 
says 

\D\^-''^L{f,D,k) = \c{n,r)\^- 

here L{f,D,s) is L-series of / twisted by D, and n G Z satisfies D = — 4Nn. 
By = we mean equality up to a nonzero factor depending on iV, 2fc, /, and 0, 
but independent of D. (Gross-Kohnen-Zagier give this constant explicitly in their 
paper, but for us it is unnecessary.) 

Thus given two such discriminants Di = rf — ANui, i = 1, 2, we have 

\D^\^-^'^L{f,D,,k) _ |c(ni,ri)p 
\D2\^-^nL{f,D2,k) |c(n2,r2)p- 

Hence by computing central values of twisted L- functions of /, we can test if ratios 
of squares of our mDi,ri are equal to those of c{ni, ri). 
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For the examples below we have the same format as the previous examples along 
with a fixed choice of discriminant Di for which we verified explicitly, 

\D,\>'-^/^L{f,D,,k) _ m%^^, 
\D\'^-y^L{f,D,k) ml^^ 
for all D coprime to N less than a certain bound. 

Example 6.1. 2A; = 4, iV = 21. 

The dimension of the new cuspidal subspace of 54(21) is 4. We chose 



/ = g - - + - 18g^ + %q^ + 7q' + ■■■ . 

Precision 40 

Number of terms 500 

■p*/91 \ /t' -4 1 \ / 11 -5 \ / 13 -9 \ / 8 -5 \ / 26 -19 \ / -16 13 \ \ 

0\'^^) \-'- > I, -21 5) i\A2 -19 j ' 1,42 -29^ ' l> 21 -13^ ' l> 63 -46 j ' l> -21 17 ) / 

wi i ■ 0.012130626847574141 . . . 

W2 -0.03257318919429172 . . . 

Vf y-3 

t 1 

Di -20 



For a consistent choice of each r we chose the first positive residue modulo 2N 
which satisfies D = mod 4 A'' for each D. 



\D\ 


mD,r 


1^1 


mD,r 


3 


1 


111 


4 


20 


-1 


119 





24 


-1 


131 


3 


35 





132 


8 


47 


2 


143 


2 


56 





152 


-7 


59 


1 


159 





68 


-2 


164 


-2 


83 


5 


167 


4 


84 





168 





87 


-4 


195 


8 


104 


-3 







Table 4. / e 54(21). List of D, mD,r such that yD,r—fnD,ryf € L 
for \D\ < 200. 



Example 6.2. 2k = 12, iV 4. 

The space of new cuspforms in 512(4) is spanned by one normalized newform 
whose Fourier series begins with, 

f = q- 516q^ - 10530g^ + 49304/ + 89109g^ - 309420^4 + • • • . 
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Precision 80 
Number of terms 200 

rs(4) {T,{l--l)) 

UJl i ■ 0.000960627675025996 . . . 

ij2 -0.02998129737318938 . . . 

Vf y-7 

t 1 

Di -7 



Similar to the last example, we chose the first positive residue modulo 27V which 
satisfies D = r'^ mod 4 A'' for each D. 



\D\ 


mD,r 


\D\ 


mD,r 


7 


1 


103 


1649 


15 


5 


111 


-765 


23 


-3 


119 


-90 


31 


-50 


127 


2664 


39 


-35 


143 


-3729 


47 


186 


151 


-505 


55 


215 


159 


-2825 


71 


-315 


167 


3819 


79 


-10 


183 


2539 


87 


-497 


191 


1830 


95 


405 


199 


-5755 



Table 5. / e 5i2(4). List of D, mD,r such that yD,r—''nD,ryf € L 
for \D\ < 200. 
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